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A greedy clique decomposition of a graph is obtained by removing maximal cliques from 
a graph one by one until the graph is empty. We have recently shown that any greedy clique 
decomposition of a graph of order n has at most -~  cliques. A greedy max-clique decomposition 
is a particular kind of greedy clique decomposition where maximum cliques are removed, instead 
of just maximal ones. In this paper, we show that any greedy max-clique decomposition ~ of a 

n 2 graph of order n has ~ n(C) <_ ~-, where n(C) is the number of vertices in C. 
Ce~ 

1. I n t r o d u c t i o n  

For  a g raph  G we denote  i ts ve r t ex  set by V(G), i ts  edge set by  E(G) and  
the i r  respect ive  card ina l i t i es  by n(G) and  re(G). By a clique of G we shall  mean  
a comple te  s u b g r a p h  of G, and  by  a clique decomposition of G we shall  mean  a 
collect ion of cliques which p a r t i t i o n  E(G). A n  ordered clique decomposition of G 
is a pa i r  (~,-~)  where  ~ is a clique decompos i t ion  of G and -~ is a t o t a l  order ing  
defined on ~.  A n  ordered  clique decompos i t ion  (~,-~) where $ is a t t a i n e d  by  
removing  m a x i m a l  cliques (i.e. the i r  edges) one by  one unt i l  the  g raph  is empty,  
and  -~ coincides wi th  the  order  in which cliques are removed,  is cal led a greedy 
clique decomposition. A greedy maximum-clique decomposition is a pa r t i c u l a r  k ind  
of greedy clique decompos i t ion  where m a x i m u m  cliques are chosen ins tead  of jus t  
m a x i m a l  ones. 

A classic resul t  of Erdhs ,  G o o d m a n ,  and  Pdsa  [4] s ta tes  any  g raph  of order  n 
n 2 

has a clique decompos i t ion  wi th  at  most  -4- cliques. I t  was recent ly  shown by the  
au tho r  [7] t h a t  any  greedy clique decompos i t ion  of a g raph  of o rder  n has at  most  
n 2 
-71- cliques. This  settled a conjec ture  of W i n k l e r  [9] who also conjec tured  [9]: 

Con j ec tu r e  1.1. For any greedy clique decomposition (~, -~) of a graph of order  n, 

CE$ 
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It was shown by Chung [3] and independently by GySri and Kostochka [5] that  
for any graph of order rt there exists a clique decomposition ~ such that 

n 2 

CE~ 

GySri and Tuza [6] improved this result by showing that  for p_> 4 and any graph 
C of order n, there exists a clique decomposition $ of G consisting solely of Kp's 
and edges where ~ n(C)<_2tp-l(n). Here tp-l(n) is the number of edges in the 

Tur in  graph on n vertices, having no Kp's. 
In this paper, we prove Conjecture 1.1 in the special case for greedy max-clique 

decompositions. In the K4-free case, this result verifies Conjecture 1.1 as greedy 
clique decompositions are the same as greedy max-clique decompositions in this 
case. The proof technique used here can also be used to verify Conjecture 1.1 for 
K6-free graphs, but we have excluded a proof of this. 

2. T h e  m a i n  r e su l t  

For a clique decomposition g of a graph G, and i =  2, 3, . . .  we let ~i denote the 
set of cliques of g of order i. For each vertex v let Sv denote the set of cliques of 
containing v, and for each edge e we let Se be the set of cliques of ~ containing an 
endpoint of e. For i = 2 , 3 , 4 , . . ,  and for all vEV(G),  and eCE(G), let g v = ~  NSv 
and i _ 

Proposition 2.1. (see [8]). For any greedy clique decomposition (~, 4) of a graph 
C and any edge eE~ 2, it holds that ISel <_n(G) - 1. 

Proof. Let e = uv, and define a set function r  2 V(a) where r  {u, v} and 
for all C E ~e - {e}, let r  be the set of vertices of V(C) - {u,v} which either 
belong to no other cliques of ~e - {C} or belong to some clique D E Se -- {C} for 
which D 4 C .  The sets r  CE$~  are seen to partit ion the set Uce$V(C) ,  and 
thus 

( l r  1) + = I v(cDI <_ n(d) 
CE~ C e ~  

That  is, I~el _< n ( C ) -  1 -  ~ ( [~ (C) I -  1). Thus it suffices to show ~ (C)7  ! 0 

for all C E ~e - {e}. 
Suppose C E ~e - {e}. If V(C) - UDET~{c}V(D ) 7 ~ f), then by definition of ~, 

~(C) # (~. Therefore, suppose that  V(C) C UDE~ _{c} V(D ). Then V(C) U {u,v} 
induces a clique C I of order n(C) + 1. Let F be the first clique chosen into ~ which 
covers some edges of C I. Since, when each clique of ~ was chosen it was maximal, 
F cannot be properly contained in C ,  and thus F # C and F # e. It then follows 
that F-4  C and F meets C ~ at exactly one edge uy or vy, depending on whether 
C E ~v or C E ~u, respectively. By definition of r  we see that y E ~(C) and thus 
r  # o. I 
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For a clique decomposition ~ of a graph G we define a subgraph G$ of G by 
letting V(G$) = V(G) and letting uv E E(G$) if I~u]+ I$v t <- n(G). We call a vertex 

v positive with respect to $ if I~vl > ~(-~. The following was shown in [8]: 

Proposit ion 2.2. / f  there exists a matching in G~ which covers all positive vertices, 
then ~ n(C)< n2 --~-. 

CE~ 

Proof. Suppose we have a matching in G$ which covers vertices W c_ V(G) and W 
contains all the positive vertices. By counting in two different ways we have 

~-]~(c): X~ I~,,[ 
Ce~ vEV(G) 

= ~ 1 ~ , , , 1 +  X ]  I~vl 
yeW v~V(G)-W 

n n 2 
_< IW12 ' ~ + (~ - IWl) .  -~ : y .  

The last line follows from the fact that  for any edge uv E E(G$) in the matching, 

I~,,,I + I~,,,I < ~. I 

We now prove the main result: 

Theorem 2.3. For a greedy max-clique decomposition of a graph G of order n, 
n 2 

E ~(c) <_ ~-. 
CE$ 

Proof. Let G be a graph of order n and let ~ be a greedy max-clique decomposition 
of G. We shall show that  there exists a matching in G$ which covers all positive 

n 2 
vertices of G. It  will then follow by Proposition 2.2 that  ~ n(C) <_ -2-" Let S be a 

cE~ 
nonempty subset of positive vertices, and let N(S) be the set of neighbours of S in 
G$ (i.e. lying outside S). We shall show that  IN(S)J >_ [S]+1. Suppose the contrary 

is true; that  is, ]N(S)] < IS[. Let u E S. There are at most n-[Sl-]N(S)l cliques 
- -  2 

of Su containing at least two vertices of V(G) - S -  N(S). Furthermore, there are 
at most IN(S)] cliques of ~u containing vertices of N(S). Thus there are at least 

+ 1 _ (~-ISl-;IN(S)I +IN(S)I)  _> �89 (since ISl _> IN(S)I) cliques of Vu containing 

no vertices of N(S) and at most one vertex of V(G) - S -  N(S). Let K be such a 
clique. We shall show by induction on k that  K ~ k u  for k = 2 , 3 , 4 , . . . ,  

If  K E ~2, and K = uv, then Proposition 2.1 implies uv E E(G$). Now v ~ S, 
for otherwise lSd + l~vl > n + l .  Thus v E N(S), but K was assumed to have no 
vertices in N(S),  and thus we have a contradiction. Thus K~$2u . 

Let k >_ 3, and assume that  no clique C E $ exists for which n(C) < k, and for 
which all vertices of C lie in S except for possibility one which is in V(G) - N ( S ) .  
Label the vertices of K by u = u 1 ,  u 2 ,  u 3 , . . .  , u k , where U l ,  U 2 , . . . ,  U k _  1 E S but uk E 
V ( G ) - N ( S ) .  Let ei=ulUi+l, i = 1 , 2 , . . . , k - 1 .  
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Uk 

e k. 

f l  ~ f ~ ~  

\ u, e, u~ u~ uk., / 
J 

"'"" ,.....,.. S ~ .,..~ ~ 

Fig. 2.1 

Since U l ,U2 , . . . ,Uk_  1 are all posi t ive  and u k is e i ther  posi t ive  or belongs to 
V(O) - S -  N(S),  we have t ha t  ei ~ E(Gg), i = 1,..., k - 1. 

For  convenience let  27i = ~u~ i = 1 , . . .  k and  27~ = ~J , , ui, J = 2 ,3 , . . . .  Let  ~ ) =  
U2?i. We have t ha t  
i 

(2.1) 

I~e,t = I~11 + I ~ + 1 1 -  1 ~ n, i = 1 , . . .  ,k - 1 
k-1  k -1  

(k - 1)n _< ~ I~e,I = (k - 1)12711 + ~ 12?il-  (k - 1). 
i=1 i=2 

We now define a set funct ion O :27---+2 V(G) as follows: Let  ( ~ ( K ) = V ( K ) .  For  C E  
27 - {K}  let O(C)  be the  set of vert ices v E V(C) - V(K)  for which there  do not  
exists  k - 1 cliques C1, C 2 , . . . ,  C~-1  E 2) A ~v for which C-~ C{, i = 1 , . . . ,  k - 1. 

Lemma 2.4. tO(C) l - - n ( C ) -  1 if n(C) _< k, and le(C) l _> k -  1 if n(C) > k. 

Proof .  I O ( K ) l : n ( K ) = k .  So suppose  CC2?-K.  

Case 1. 
Suppose  n(C) <_k. Let v c V ( C )  - V(K)  and suppose  C1,C2,.. . ,Ck_ 1 e ~ - C  

conta ins  v and C-<Ci for i = l , . . . , k - 1 .  Then  vUV(K)  induces a clique K / of G 
wi th  n(K') = k + 1, and  n(K t) > n(K) >_ n(C) >_ n(Ci), i = 1 , . . . ,  k - 1. Since ~ is a 
greedy max-c l ique  decomposi t ion ,  a t  least  one clique of ~ which intersects  K t has 
order  a t  least  k + l .  But  K ,  C and Ci, i =  1 , . . . ,  k - 1  are the  only cliques in tersec t ing  
K ' ,  and  all have order  at  most  k; a cont radic t ion .  Thus  V ( C ) - V ( K ) C  0(C), and  
l e ( c ) l  = ~ ( c )  - 1, 

Case 2. 
Suppose  n(C)> k. Suppose  there  exists  n ( C ) -  k + 1 vert ices 

v l ,  v 2 , . . . ,  v n ( c ) - ~ + l  e V ( C )  - V ( K )  
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having the same property as v in Case 1. Then {vl,v2,. . . ,Vn(c)_k+l} tO V(K)  
induces a clique K '  with n(K ' )=  k + n ( C ) -  k + 1 = n(C)+ 1. As before, the only 
cliques of ~ intersecting K ~ will have order less than n(KO, and this contradicts 
the nature of ~. Thus l(9(C)l >n(C) - 1 - (n(C) - h ) : k  - 1. I 

Let X = V ( G ) - S - N ( S ) ,  Z : (  U (9(C))~N(S).  
CE$t 

Let x=lX l ,  z=lZl ,  s=[Sl, and s'=]N(S)I. 

For LC_V(G) let 1L : V ( G ) ~ ] R  be the indicator function 

1, i f v  E L 
1L(V) = 0, otherwise 

For two functions f :  V ( G ) ~  I[{ and g: V ( G ) ~  II~ we shall write f < g if f(v)<_ g(v) 
for all v E V(G) 

Let F:V(G)-~{ be defined by F----(~--I)(IS~-IN(s))-~ (2k)]X . 

For each C 6 ~) define fC:V(G)-+ R as follows: 

Let fK  = 1V(K) = 10(K)- 

For C E ~?k - {K} let f c  = l o ( c ) "  (1S + 1N(S) + (h - 1)1X). 

For C E ~ ) - ~ )  k let fC=I(9(C).(IS+IN(S)+(~I!)Ix). 

Proposition 2.5. For ~ / /v  E V ( a )  - V ( K ) ,  E fc(v)  < F(v) and for ali v E V ( K ) ,  
CE~O 

E f c @ ) = l < - F ( v ) - ( k - 2 )  �9 
Cc~ 

Proof. The second assertion is straightforward, so we shall prove the f i rs t  We have 

fc _< (is + 1N(s)) ~ le(c) 
CEg) Cc2) 

By definition of 0 ,  ~ l o ( c )  <_(k-1)lv(G). Thus 
CEN 

(Is + IN(S)) ~ ](9(6) < (k -- 1)(15 + 1N(S) ). 
CE~ 
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We also see that 

1, 

< - a x ( ( k - 1 ) + ( k - 2 ) ( ~ - ) ) ' l x =  ( ~ ) l x .  

Comparing the above with F yields the proposition. | 

Let 2)N(S) = {C E 2): (9 (C) N N(S) 7/= ~}. 

Proposition 2.6. ~ fc  (v) >_ 1 for all C E 2), and furthermore, ~ fc  (v) >_ k -  1 for ali 
V 1) 

C E2)- 2)N(S). 

Proof. The first assertion holds since 

~-~,fc(v) >_ }-~lo(c)(V) >_ IO(C)I, and 
1) v 

le(C)l _> min{n(C) - 1, k - 1} > 1, by Lemma 2.1. 

The above, together with Lemma 2.4 also shows that if n(C)> k, then ~fc(v)>_ 
1) 

I(9(C)I _> k - 1 .  We can thus assume that C E 2 ) -  2)N(S), n(C)< k, and hence also 
that [@(C)] = n ( C ) -  1 and O(C)=V(C)-  V(K) (by Lemma 2.4). 

Suppose C C 2)k. Then fc  = 10(C)(1S + IN(S) + (k - 1)1X). Since n(C) < 
k, and V(C) NN(S)= O ( C ) A N ( S ) =  0 (because C ~i 2)N(S)), it follows by the 
inductive assumption that IV(C) N (V(G)- S)[ = IV(C) NX t _> 2. Thus IO(C) NX I = 
I(V(C) - {u k}) N X I _> 1, and therefore ~ fc(v) >_ ( k -  1). 2 1 0 ( C )  (v ) lx  (v) _> k -  1. 

v 1) 

Suppose C ~ 2)k; that is C E 2) - 2)/~ - 2)N(S). Again, the induction hypothesis 
implies 

But now 
IO(C) n Xl = IV(C) n Xl >_ 2. 

V v 

This completes the proof. 

By Proposition 2.5, it follows that 

E E fc(v) <_ E F ( v )  - k ( k -  2). 
v Cc:~ v 
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By Propos i t ion  2.6 and the above, we deduce t h a t  

(2.2) (k - x)19 - ~NCS) I § t~N(S)I --< Z ~ f c ( v )  < E F(v)  - k(k - 2). 
v CE2) v 

But  

- -  z - -  X .  

v 2 

Now (2.1) combined with (2.2) and (2.3) yields: 

k 

(k - 1)1~1 + ~ I~1 - (k - 1) ~ n (k  - 1) 
i =2  

v 2 

> (k 1)l~ ~NCS)I + I~VNCS)I + h(k 2) ( ~ -  1) . . . .  X .  

- 2 

Or 

(2.4) (k 2)l~) ~ ) 1 -  ~)N(S)[ ( k - 2 ) I D I A S N ( S ) [ + k ( k - 2 )  ( h - l )  . . . .  x < 0 .  
2 

Since uiuj~E(G~) for 2<i<j<_h, we have I~l+l~jl>~+l for 2<_i<j<_k. 
Thus  summing  these inequalities over i and j yields 

k 

i=2 

or~ 

Thus  

(2.5) 

k (k - 1)(n + 1) 

- 2 
i =2  

k 
19 --~11---- ~ : ( 1 ~ 1 - 1 )  > (k - 1 ) ( ~ +  1) _ (k - 1). 

- 2 
i =2  

We have t ha t  19 - ~)1 - ~N(S)] = I ~) - 911 - 1(~) - ~71) A ~)N(S) 1. 
By  definition of ~N(S), at most  k -  1 cliques of ~N(S) meet  a given ver tex of 

N(S). By definition of Z,  every ver tex  of Z meets  a clique of/~)1 A~N(S ). Thus,  

1(9 - 9z) n ~N(S) I <- (k - 2)z + (k - 1) (s '  - z). This  combined with  (2.5) gives 

_ ~ N . S .  ~ )' > ( k -  1 ) ( n + 1 )  12 
- 2 

- ( k  - 1 )  - ( k  - 2 ) z  - ( k  - 1 ) ( s ' -  z ) .  
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Noticing tha t  I~)1 NSN(S)  I< z, the above combined with  (2.4) yields: 

k + 1) - ( k  - - 2 ) -  (k (k 2)z 
I 

2 ) 2 z  - ( k -  1 ) ( k  2)81 + I I I I 

2 

- x < 0 .  
2 

Since we assumed in the beginning tha t  s = ISl _> IN(S)I -- J ,  it follows tha t  
x = n - s -  s'<_ n-2s ' .  Thus  we have from the above: 

2 (n + 1) + k - 2 - (k - 1)(k - 2).J - 2 

2 + k - 2 < 0 .  

Thus  k < 2, and this contradic ts  the induct ive assumpt ion  tha t  k >_ 3. I t  now 
follows by induct ion t ha t  n(K)#k  for k = 2 , 3 , 4 , . . . ,  and therefore K cannot  exist; 
a contradict ion.  It  must  therefore be t ha t  our original a s sumpt ion  t ha t  IS] _> IN(S)] 
is incorrect,  and IS] < IN(S)]. Since S was an arbi t rar i ly  chosen nonempty  subset  
of posit ive vertices, it now follows from Hall 's  Theo rem [1, 2] tha t  there  exists a 
match ing  in G~ covering all posi t ive vertices. I t  thus follows from Propos i t ion  2.2 

n 2 
t ha t  ~ n( C) < 7-. | 

CE~ 

R e m a r k .  In the above proof  we showed tha t  IN(S)I > ISt for any nonempty  subset  
of posit ive vertices. Suppose now we have a max-cl ique decomposi t ion  ~ of G for 

?%2 
which y]~ n(C) = W where n = n(G). Suppose there exists a ver tex  v for which 

CEff 
n We have from the vertices, and thus (by Hall 's  Theorem)  there  exists a 

match ing  in G~-v which covers all posit ive vertices. Thus  we see (as in Propos i t ion  
- -  n2 

2.2) t ha t  ~ I~u]-< ~ = - - 2 - - 5  n2 n and ~ I ~ 1  < T "  But  this contradic ts  

the assumpt ion  t ha t  y~ n(C) : -2-" Thus  it must  be the case t ha t  I~vI >_ ~ for 
cE~  

for all v. each ver tex  v, and in fact t ha t  I~v[ = ~  
We have thus shown tha t  any graph  having a max-cl ique decomposi t ion  ~ for 

n 2 n for all v. In [8] we comple te ly  de te rmined  which E n(C)= -T must  satisfy I~vl = 

all such graphs  G, where G has no complete  graphs  of order four. As yet, we have 
not  de te rmined  all such graphs  for the general case. 
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